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With the help of the Green function technique and the equation of motion approach, the electronic
transport through a parallel-coupled double quantum dot(DQD) is theoretically studied. Owing to
the inter-dot coupling, the bonding and antibonding states of the artificial quantum-dot-molecule
may constitute an appropriate basis set. Based on this picture, the Fano interference in the con-
ductance spectra of the DQD system is readily explained. The possibility of manipulating the Fano
lineshape in the tunneling spectra of the DQD system is explored by tuning the dot-lead coupling,
the inter-dot coupling, the magnetic flux threading the ring connecting dots and leads, and the flux
difference between two sub-rings. It has been found that by making use of various tuning, the direc-
tion of the asymmetric tail of Fano lineshape may be flipped by external fields, and the continuous
conductance spectra may be magnetically manipulated with lineshape retained. More importantly,
by adjusting the magnetic flux, the function of two molecular states can be exchanged, giving rise
to a swap effect, which might play a role as a qubit in the quantum computation.
PACS numbers: 73.23.Hk, 73.63.Kv, 73.40.Gk
I. INTRODUCTION
When the phase coherence of electrons passing through
a mesoscopic system is retained, a number of quantum
interference phenomena will occur. Recent advances in
nano-technologies have attracted much attention to the
quantum coherence phenomena in the resonant tunneling
processes of the quantum dot(QD) systems,1 in which the
typical length scale can be shorter than or comparable to
the mean free path of electrons and the wave nature of
electrons plays a decisive role. In the past decade, the
widely adopted method of studying the phase coherence
of a traversing electron through a QD is to measure the
magnetic-flux-dependent current through an Aharonov-
Bohm(AB) interferometer by inserting the QD into one
of its arms.2 The observed magnetic-oscillation of the
current will be the indication of the coherent transport
through the QD, provided that at least partial coherence
of electrons is kept.3,4,5,6,7,8,9,10,11,12,13
Fano resonances is another good probe for the phase
coherence in the QD system.12,13,14,15,16 It is known that
the Fano resonance stems from quantum interference be-
tween resonant and nonresonant processes,17 and mani-
fests itself in spectra as asymmetric lineshape in a large
variety of experiments. Unlike the conventional Fano
resonance,18,19,20,21 the Fano effect in QD system has
its advantage in that its key parameters can be readily
tuned. Suppose that a discrete level inside the QD acts as
a Breit-Wigner-type scatter and is broadened by a factor
of Γ due to couplings with the continua in leads. The key
to realize the Fano effect in the conductance spectra is
that, within Γ the phase of the electron should smoothly
change by π on the resonance.8 The first observation of
the Fano lineshape in the QD system was reported by
Go¨res et al.14,15 in the single-electron-transistor experi-
ments. Recently, K. Kobayashi et al. carried out research
on magnetically and electrostatically tunable Fano effect
in a QD embedded in an AB ring,12,13 and A.C. Johnson
et al. investigated a tunable Fano interferometer con-
sisting of a QD coupled to a one-dimensional channel
via tunneling and observed the Coulomb-modified Fano
resonances.16
The double quantum dot(DQD) system, including
the series-coupled DQD22,23,24,25 and parallel-coupled
DQD,3,4,5,6,26 makes the quantum transport phenomena
rich and varied. The parallel-coupled DQD system is of
particular interest, in which two QD’s are respectively
embedded into opposite arms of the AB ring, coupled
each other via barrier tunneling, and coupled to two
leads roughly equally. As a controllable two-level sys-
tem, it is appealing for the parallel-coupled DQD sys-
tem to become one of promising candidates for the quan-
tum bit in quantum computation based on solid state
devices.27,28 The entangled quantum states required for
performing the quantum computation demand a high de-
gree of phase coherence in the system.29 Being a probe
of phase coherence,30 if the Fano effect in the parallel-
coupled DQD system is tunable and exhibits the swap
effect, it is certainly of practical importance.
Inspired by recent experimental advances in the par-
allel DQD,3,4,5,6,26 several groups have attempted to
address this multi-path system theoretically, and pre-
dicted the Fano resonance in the parallel-coupled DQD
system.31,32,33,34,35,36 However, it seems that a physically
transparent picture for the Fano effect in the DQD sys-
tem is still lacking. For example, it is unclear what the
resonant and nonresonant channels are in this Fano sys-
tem. Moreover, a systematic study is required for ex-
ploring various possibilities of tuning Fano effect with
external fields. In this paper, we intend to provide with
a natural yet simple explanation for the Fano effect in
the parallel-coupled DQD, and propose several ways to
control the Fano resonance in the conductance spectra
by the electrostatic and magnetic approaches.
2The paper is organized as follows. In Sec.II, a widely
used two-level Fano-Anderson model is introduced with
an inter-dot coupling term added. Since the coupled
quantum dots may be considered as an artificial QD-
molecules,37 an effective Hamiltonian in terms of the
bonding and antibonding states of the QD-molecule may
form an appropriate working basis. Thus with the help
of the Green function technique and the equation of mo-
tion method,38 the density of states is calculated in three
asymmetric configurations classified according to the spa-
tial symmetry of the dot-lead coupling.39 In Sec. III,
the conductance formula is derived for this system,40,41
whereby the Fano lineshape in conductance spectra is cal-
culated in the absence of the magnetic flux. In Sec.IV, a
simple mechanism explaining the Fano lineshape in the
DQD conductance spectrum is presented. Then, the pos-
sibilities of tuning the conductance lineshape by various
electrostatic and magnetic methods are described in de-
tails, and several novel effects are predicted. Most im-
portantly, by tuning the the total magnetic flux, or the
flux difference between the left and right parts of the
AB ring, the swap effect between two resonance peaks in
the conductance spectra is predicted, which might be of
potential application as a type of C-Not gate in the quan-
tum computation. Finally, a brief summary is drawn and
presented.
II. PHYSICAL MODEL
We start with the Fano-Anderson model for the
parallel-coupled DQD where the discrete states in two
quantum dots are coupled each other via tunneling.
(Fig.1a) Then the Hamiltonian reads
H = Hleads +HDD +HT . (1)
The Hleads in Eq.(1) represents the noninteracting elec-
tron gas in the left(L) and right(R) leads,
Hleads =
∑
k,α=L,R
εkαc
†
kαckα, (2)
where, c†kα, ckα are the creation and annihilation opera-
tors for a continuum in the lead α with energy εkα. The
HDD in Eq.(1) describes the QD electrons and their mu-
tual coupling in the DQD, i.e.
HDD =
∑
i=1,2
εid
†
idi − tceiθd†1d2 − tce−iθd†2d1. (3)
The first term in Eq.(3), d†i (di), represents the create
(annihilate) operator of the electron with the energy εi
in the dot i. The second and third terms in Eq.(3) de-
note the inter-dot coupling, in which tc is the coupling
strength taken as a real parameter, and θ denotes a phase
shift related to the flux difference between the left and
right sub-rings. The HT in Eq.(1) represents the tunnel-
ing coupling between the QD and lead electrons,
HT =
∑
k,α=L,R
∑
i=1,2
Vαid
†
i ckα + h.c., (4)
where the tunneling matrix element VL1 =
|VL1|eiφ4 , V ∗L2 = |VL2|ei
φ
4 , V ∗R1 = |VR1|ei
φ
4 , and
VR2 = |VR2|eiφ4 . Here for the sake of simplicity, Vαi is
assumed to be independent of k, and the phase shift due
to the total magnetic flux threading into the AB ring, φ,
is assumed to distribute evenly among 4 sections of the
DQD-AB ring. Namely, φ = 2π(ΦR + ΦL)/Φ0, where
the flux quantum Φ0 = hc/e. Thus, θ = π(ΦR−ΦL)/Φ0.
In the following calculation, we define the line-width
matrix as Γαij =
∑
k VαiV
∗
αj2πδ(ε − εkα) (α = L,R) and
Γ = ΓL + ΓR. According to Fig.1(a), the line-width
matrices in the QD representation read
Γ
L =
(
ΓL1
√
ΓL1 Γ
L
2 e
i
φ
2√
ΓL1 Γ
L
2 e
−i
φ
2 ΓL2
)
,
and
Γ
R =
(
ΓR1
√
ΓR1 Γ
R
2 e
−i
φ
2√
ΓR1 Γ
R
2 e
i
φ
2 ΓR2
)
, (5)
where Γαi is short for Γ
α
ii .
L R
antibonding
bonding
(a) (b)
1
2
L Rtc
FIG. 1: (a) Schematic diagram for a tunneling-coupled par-
allel DQD system. (b) Schematic diagram of the parallel-
coupled DQD system in the molecular orbital representation.
To make the physical picture clearer and formalism
simpler, it is attractive to introduce a QD-molecule rep-
resentation by transforming two tunneling-coupled QD
levels into the bonding and antibonding states of the QD-
molecule. The operator for a molecule state can be ex-
pressed as a linear superposition of the QD operators as
(
f+
f−
)
=
(
cosβe−iθ − sinβ
sinβ cosβeiθ
)(
d1
d2
)
, (6)
where, f− and f+ are referred to as the annihilation op-
erators for the bonding and antibonding states of the ar-
tificial QD-molecule. And the parameter β is defined as
β = 1/2 tan−1[2tc/(ε1 − ε2)]. For mathematical simplic-
ity, in the following only the symmetric case is studied,
i.e. ε1 = ε2 = ε0, and thus β = π/4. Then the Hamilto-
nian for coupled dots is decoupled as
H˜DD = (ε0 + tc)f
†
+f+ + (ε0 − tc)f †−f−, (7)
3In the molecular-state representation, the tunneling
Hamiltonian between the leads and DQD is rewritten into
H˜T =
∑
k,α=L,R
∑
i=+,−
V˜αif
†
i ckα + h.c., (8)
where the effective tunneling matrix elements are(
V˜α+
V˜α−
)
=
1√
2
(
e−iθ −1
1 eiθ
)(
Vα1
Vα2
)
. (9)
Now, the DQD system has been mapped into a system of
two independent molecular states, which are connected
to leads, respectively(cf. Fig.1b). In the molecular-state
representation, the linewidth matrices read
Γ˜
α
ij =
∑
k
V˜αiV˜
∗
αj2πδ(ε− εkα), (10)
i.e.
Γ˜
L =
1
2
(
ΓL1 + Γ
L
2 − 2
√
ΓL1 Γ
L
2 cos(
φ
2 − θ) (ΓL1 − ΓL2 )e−iθ +
√
ΓL1 Γ
L
2 e
i(φ
2
−2θ) −
√
ΓL1 Γ
L
2 e
−i
φ
2
(ΓL1 − ΓL2 )eiθ +
√
ΓL1 Γ
L
2 e
−i(φ
2
−2θ) −
√
ΓL1 Γ
L
2 e
i
φ
2 ΓL1 + Γ
L
2 + 2
√
ΓL1 Γ
L
2 cos(
φ
2 − θ)
)
,
(11)
and
Γ˜
R =
1
2
(
ΓR1 + Γ
R
2 − 2
√
ΓR1 Γ
R
2 cos(
φ
2 + θ) (Γ
R
1 − ΓR2 )e−iθ +
√
ΓR1 Γ
R
2 e
−i(φ
2
+2θ) −
√
ΓR1 Γ
R
2 e
i
φ
2
(ΓR1 − ΓR2 )eiθ +
√
ΓR1 Γ
R
2 e
i(φ
2
+2θ) −
√
ΓR1 Γ
R
2 e
−iφ
2 ΓR1 + Γ
R
2 + 2
√
ΓR1 Γ
R
2 cos(
φ
2 + θ)
)
.
(12)
To estimate the broadening of the molecular level
due to its couplings to leads, let us first calculate the
density of states(DOS) for each state. The retarded
Green function for the molecular state is defined as
Gr± = −iθ(t)〈{f±(t), f †±}〉. With the equation of motion
approach38, we have
Gr±(ε) =
1
ε− (ε0 ± tc) + i(Γ±) , (13)
where the imaginary part of the self-energy is equal to
Γ± =
1
2
(Γ˜L±± + Γ˜
R
±±) (14)
The local density of states is defined as the imaginary
part of the retarded Green function as
ρ±(ε) = −(1/π)ImGr±(ε) =
1
π
Γ±
[ε− (ε0 ± tc)]2 + (Γ±)2 ,
(15)
which is the Lorentzian peaked at the molecular level.
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FIG. 2: Three structures investigated, in which the solid and
dash lines stand for the stronger and weaker tunnel coupling,
respectively.
Three configurations for the DQD system according to
the asymmetric couplings between two dots and leads39
that we focus on are shown in Fig.2: (a)structure 1, in
which ΓL1 = Γ
R
2 = 2Γ
L
2 = 2Γ
R
1 = γ; (b) structure 2, in
which ΓL1 = Γ
R
1 = 2Γ
L
2 = 2Γ
R
2 = γ; and (c) structure 3,
where ΓL1 = Γ
L
2 = 2Γ
R
1 = 2Γ
R
2 = γ. Here the γ is taken
as an energy unit. These typical structures for the DQD
system are basic, yet convenient to analyze theoretically.
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FIG. 3: (Color online)The density of states for two molecular
states in structure 1 and structure 2 as shown in Fig.2, where
tc = γ which is taken as an energy scale.
Fig.3 shows how the calculated DOS of two molecu-
lar states changes with the total magnetic flux φ in the
structure 1 and 2. It is noticed that the structure 1 and 2
share the identical DOS. Two points are worth to point-
ing out. Firstly, since the full width at half maximum
2Γ± for each molecular state depends on the parameters
4Γαi , φ, and θ, the broadenings of molecular states could
be tuned not only by the dot-lead coupling strength and
total magnetic flux, but also by the flux difference. Sec-
ondly, the broadening of one molecular state is always ac-
companied by the shrinking of the other molecular state
because the trace of the matrix of (Γ˜L+ Γ˜R) is an invari-
ant, as explicitly shown by Eqs. (11) and (12). Thirdly,
in the absence of the magnetic flux (φ = 0), Γ+ → 0+
in the structure 3, i.e. the antibonding state is totally
decoupled from the leads and possesses an infinite life-
time. The finite φ introduced by the magnetic flux in
this structure results in the finite coupling between the
antibonding state and leads, and thus a finite width for
the antibonding state.
III. CONDUCTANCE
To study the transport through the DQD system, the
conductance at zero temperature is derived, which, on
the basis of the non-interacting molecular levels, can be
reduced to the Landauer-Bu¨ttiker formula40
G(ε) = 2e
2
h
T (ε), (16)
where, ε is the Fermi energy at both leads at equilibrium.
In the absence of Coulomb interaction between the elec-
trons on the dots, the transmission T (ε) is expressed as41
T (ε) = Tr[Ga(ε)ΓRGr(ε)ΓL], (17)
where the retarded and advanced Green functions, Gr
and Ga, and the linewidth matrices ΓL(R) can be ex-
pressed in molecular states representation or in dot levels
representation, respectively.
The retarded Green function in the dot level repre-
sentation is defined as Grij = −iθ(t)〈{di(t), d†j}〉, and its
Fourier transformation Grij(ε) ≡ 〈〈di|d†j〉〉 satisfies
〈〈di|d†j〉〉 = δij + 〈〈[di, H ]|d†j〉〉, (18)
which generates a closed set of linear equations forGrij(ε).
The solution of Gr is given by
G
r(ε) =(
ε− ε1 + i2 (ΓL11 + ΓR11) tc + i2 (ΓL12 + ΓR12)
t∗c +
i
2 (Γ
L
21 + Γ
R
21) ε− ε2 + i2 (ΓL22 + ΓR22)
)−1
.
(19)
The advanced Green function is the Hermite conjugate
of the retarded Green function. Put Eq.(19) into Eq.(17)
and after some algebra, the transmission probability
through the DQD system is found to be
T (ε) =
a(ε− ε0)2 + b(ε− ε0) + c
{[ε− (ε0 + tc)]2 + Γ2+}{[ε− (ε0 − tc)]2 + Γ2−}
,
(20)
where
a = ΓL1 Γ
R
1 + Γ
L
2 Γ
R
2 + 2 cosφ
√
ΓL1 Γ
R
1 Γ
L
2 Γ
R
2 ,
b = −2tc(ΓL1 + ΓL2 )
√
ΓR1 Γ
R
2 cos(θ +
φ
2
)
−2tc(ΓR1 + ΓR2 )
√
ΓL1 Γ
L
2 cos(θ −
φ
2
),
c = t2c(Γ
L
1 Γ
R
2 + Γ
L
2 Γ
R
1 + 2 cos 2θ
√
ΓL1 Γ
L
2 Γ
R
1 Γ
R
2 ).
(21)
The conductance through the DQD system as expressed
in Eq.(20) depends in general on the energy levels of two
dots, dot-lead coupling, inter-dot coupling, and phase
shift induced by the magnetic flux. Without the mag-
netic flux, i.e. φ = 0, and θ = 0, Eq.(20) recovers to the
result by Guevara et al.33; while in the limit of vanishing
inter-dot coupling (tc = 0), the result of Kubala et al.
42
is repeated.
In the molecular state representation, the total con-
ductance can also be divided into
Gtotal(ε) = 2e
2
h
{T+ + T− + Tinter}, (22)
where the transmission via each molecular state is
T±(ε) =
Γ˜L±±Γ˜
R
±±
[ε− (ε0 ± tc)]2 + Γ2±
, (23)
and the interference term is given by
Tinter = 2Re{
Γ˜R+−Γ˜
L
−+
[ε− (ε0 + tc)− iΓ+][ε− (ε0 − tc) + iΓ−]}.
(24)
IV. TUNABLE FANO EFFECT
As shown in Fig.4, the total conductance through the
parallel-couple DQD system consists of a Breit-Wigner
peak and a Fano peak, which is quite different from
the DOS where two Lorentzians are superposed. Based
on the molecular level representation formulated above,
let us first explain how the Fano interference is pro-
duced in somewhat details, then show how to tune it.
Although similar observations have been reported in
Refs.32,33,34,36, it seems that till now no simple and
transparent explanation is available on the formation of
the Fano lineshape in this structure.
When a discrete level is buried into a continuum, the
coupling between the discrete and continuous states gives
rise to the renormalization of the states of whole system.
The phase of the renormalized wave function varies by
∼ π swiftly as the energy transverses an interval ∼ Γ
around the discrete level, where Γ is the broadening of
the discrete level due to coupling with the continua.17,31
Then, if there is a reference channel whose phase changes
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FIG. 4: (Color online)Conductance spectra in structure 1(a)
and structure 2(b). The parameters for calculations are
θ = 0, φ = 0, ε0 = 0, and tc = γ. Notice that the conductance
spectra in two structures have quite different interference pat-
tern though the identical DOS as in Fig.3.
little in the interval of Γ around the discrete level, the
quantum interference above and below the resonance
level will be responsible for the Fano lineshape in the
conductance spectra, for example, the experimentally ob-
served Fano lineshape in the hybrid system of a QD and
a reference arm.12,13,16
In the present DQD multi-path system, it is not simple
to identify the resonant and the reference channel. But,
on the basis of the molecular level representation, it is
straightforward to interpret the Fano resonance in the
DQD system in terms of the interference between two
channels.
Usually, two molecular levels are coupled to the leads
unequally. In the absence of magnetic flux, Eq.(14) sim-
ply reduces to
Γ± =
1
4
(ΓL1 + Γ
L
2 + Γ
R
1 + Γ
R
2 )∓
1
2
(
√
ΓL1 Γ
L
2 +
√
ΓR1 Γ
R
2 ),
(25)
i.e., the broadening of one level is always accompanied
by the shrinking of the other. The molecular level as-
sociated with a wider band can be referred to as the
strongly-coupled one, while that with narrow band is re-
ferred to as the weakly-coupled level. Suppose that the
broadening of the strongly-coupled level entirely covers
the band width with the weakly-coupled level, and the
phase shift for the strongly-coupled channel is negligibly
small around the weakly-coupled level, then a phase shift
of π across the weakly-coupled level can be detected with
characteristic of the Fano lineshape. Namely, the waves
through two channels interfere constructively for electron
with energy on one side of the weakly-coupled level; while
interfere destructively on the other side. As a result,
the Fano lineshape shows up around the weakly-coupled
state. It is worth pointing out that the π phase shift
also happens around the strongly-coupled level, but on a
energy scale much larger than that around the weakly-
coupled level (Fig.3). That is why usually there is only
one Fano peak around the weakly-coupled level, and the
other peak around the strongly-coupled level only ex-
hibits little asymmetry.
Compared with the Fano effect in the hybrid
system,12,13,16 where the nonresonant channel served by
a quantum point contact detects the π phase shift around
the resonant tunneling channel through the QD, in the
DQD system, the reference channel is the ”less resonant”
tunneling channel on one side of the strongly-coupled
level, and the other ”more resonant” channel through
the weakly-coupled level is accompanied with a swift π
phase shift within a small energy region.
The Fano lineshape in the present system can be tuned
by the applied electrostatic and magnetic fields. Com-
pared with the one dot and one arm case, where the
magnetic field affects only the phase of the electron, but
not the interaction strength,12,13 in the parallel-coupled
DQD, not only the phase but also the magnitude of the
effective coupling between the molecular states and leads
can be tuned by the magnetic flux. Of course, one should
keep in mind that the inter-dot coupling is the prerequi-
site to the tunable Fano effect.
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FIG. 5: (Color online)(a)Calculated conductance in the struc-
ture 2 for three different values of inter-dot coupling tc,
where the Fermi energy is roughly at the antibonding level.
(b),(c),and (d) Simulation of the normalized Fano lineshape
with different asymmetric factors q as compared to the results
obtained by Green functions in (a).
A. Electrostatic tuning
The inter-dot coupling tc can be tuned by adjusting the
height and thickness of the tunneling barrier between two
6dots through gate voltages. So can be done the dot-lead
coupling Γ
L(R)
i .
The interference between the resonance and the refer-
ence channels can be described as
|tR Γ
ω − ǫ0 + iΓ + tNe
iφ|2 = t2N
|ǫ˜+ q|2
ǫ˜2 + 1
, (26)
where tR and tN denote respectively the transmission
amplitude via the resonance and the reference channels,
the detuning ǫ˜ = (ω − ǫ0)/Γ, and the asymmetric factor
q = i+ tRe
−iφ/tN . It is well known that when the asym-
metric factor q is small, Eq.(26) gives rise to the asym-
metric Fano lineshape; while for large q, it tends to the
symmetric Lorentzian. Fig. 5(a) depicts the conductance
spectra for three different inter-dot coupling strengths in
Structure 2. As for comparison, the normalized Fano
lineshape (multiplied by a normalized factor 1/(1 + q2))
is also plotted in Fig.5(b),(c), and (d), demonstrating
how the Fano lineshape evolves with increasing q. It
is obvious that as the inter-dot coupling increases, the
bonding and antibonding splitting increases. As a result,
the amplitude through the channel associated with the
strongly-coupled level but at the energy range of anti-
bonding peak, tN , decreases, and since q is inversely pro-
portional to tN , the asymmetric factor q increases. This
further confirms our explanation above about the origin
of Fano effect in this parallel-coupled DQD system.
When tuning the dot-lead coupling strength Γ
L(R)
i by
tuning the gate voltage, the structure studied is changed,
and the Fano lineshape is changed accordingly. For exam-
ple, when the strong and weak coupling in the linewidth
matrix is adjusted such that the structure 1 is trans-
formed into the structure 2, (see Fig.4b), noticeably, the
tail direction of the Fano peak is flipped. This delicate
change can be understood in terms of the product of the
effective tunneling matrix elements
V˜L+V˜
∗
R+V˜R−V˜
∗
L−
=
1
4
(VL1 − VL2)(VR1 − VR2)(VL1 + VL2)(VR1 + VR2).
(27)
In the wide band limit, a linewidth matrix element is pro-
portional to the product of two dot-lead tunneling ma-
trix elements. According to Fig.2, the expression above
for the structure 1 differs from that for structure 2 by
a minus sign, which implies that, compared to structure
2, an extra flux of π threads the loop in the structure
1(Fig.6). Thus, the Fano lineshape in structure 1 is just
opposite to that in structure 2, i.e., if two channels inter-
fere with each other constructively in structure 1, then
destructively in structure 2; and vice versa.
B. Magnetic flux tuning and swap operation
Coupled quantum dot systems have been proposed
to materialize quantum bit for quantum computation27.
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FIG. 6: (a) Structure 1 and (b)structure 2 can be cast into
two different models of molecular states. The flux through
the loop of structure 1 differs from that of structure 2 by a
phase of pi.
The swap operation is an important element to the
controlled-NOT gate, which is the key to implement-
ing the quantum computation.43 Recently, a new mech-
anism has been proposed to realize the swap operation
in the parallel-coupled DQD system by using the time-
dependent inter-dot spin superexchange J(t), which flips
the singlet and triplet states formed by two localize
electrons.44 In the following we will discuss a new type
of swap operation in the DQD system, which flips two
quantum states by tuning the magnetic flux, including
tuning the total flux φ or the flux difference 2θ between
the left and right sub-rings. For the purpose of compar-
ison, only tuning one parameter, and letting the other
alone.
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FIG. 7: The evolution of transmission spectrum with total
magnetic flux φ tuned for three asymmetric configurations.
First, we tune the total flux φ and let θ = 0. When
φ = (2n+1)2π (n is an integer), Eq.(14) turns out to be
Γ± =
1
4 (Γ
L
1 +Γ
L
2+Γ
R
1 +Γ
R
2 )± 12 (
√
ΓL1 Γ
L
2 +
√
ΓR1 Γ
R
2 ). Com-
pared with the case of null flux, or φ = 4nπ[ Eq.(25)],
the widths of the bonding and antibonding states are
interchanged. Fig.7 demonstrates the evolution of con-
ductances with changing the total magnetic flux in three
7asymmetric configurations for zero θ. In this circum-
stance the Fano and Breit-Wigner peaks in the conduc-
tance spectra of the structures 1 and 2 have been ex-
changed each other, when changing φ from (2n + 1)2π
to φ = 4nπ. On the other hand, when φ = (2n + 1)π,
two identical peaks appear in conductance spectra sym-
metrically, which is quite similar to the DOS spectra. In
structure 3, no Fano peak exists without the magnetic
flux according to Eq.(15) and Fig.7, because the anti-
bonding state is totally decoupled from the leads. How-
ever, if φ deviates a little from zero, or more generally,
from a multiple of 2π, the channel connecting the decou-
pled state and the leads is open, and the Fano interfer-
ence comes back again. Our model calculation indicates
that, this flux-dependent Fano effect takes place when-
ever ΓL1 = Γ
L
2 and Γ
R
1 = Γ
R
2 , regardless whether four
dot-lead couplings are the identical.33
Tuning θ, the half of the flux difference between the
left and right sub-rings, can also lead to two resonance
peak swap and the flux-dependent Fano effect as shown
in Fig.8. It is noticed when θ = π, the results coincide
with what obtained when φ = 2π.
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FIG. 8: (Color online)The evolution of transmission spectrum
with phase difference θ in three asymmetric configurations.
It is interesting to note that the conductance oscilla-
tion is a periodic function of φ with a period of 4π, and a
periodic function of θ with the period of 2π. The differ-
ence in the period can be readily explained as the multi-
pathway nature in this parallel-coupled DQD system. If
an electron transits from the left to the right, it gathers a
phase factor ei(
φ
4
+φ
4
) = ei
φ
2 via the upper arms and e−i
φ
2
via the lower arms(Fig.9a). The interference of the two
paths gives cos φ2 , which is associated with a period of
4π. On the other hand, if two routes of an electron are
illustrated as the arrows in Fig.9b, the interference yields
cos θ and the 2π periodicity, because the first path from
the left lead→ dot 1→ dot 2→ right lead accumulates a
phase ei(
φ
4
+θ−φ
4
) = eiθ, and the second symmetric route
through dot2 → dot1 gives a phase e−iθ.
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FIG. 9: Illustration for two different periods of conductance.
Multi-pathway interference as functions of (a) the total flux
φ, and (b) the flux difference θ.
The quantum interference tuned by the magnetic flux
in the DQD system makes the conductance to vary in
some fancy way. Let us look at a peculiar instance,
the continuous manipulation of the conductance with the
lineshape retained. In Fig.10, two cases of the flux tuning
are: (1) φ = (2n+1)π, θ ∈ [0, pi2 ]; and (2) θ = (2n+1)pi2 ,
φ ∈ [0, π]. According to Eq.(11) and Eq.(12), once
θ = (2n + 1)pi2 or φ = (2n + 1)π, the lineshape of the
DOS for two molecular levels is fixed. In our calcula-
tions, ΓL1 = Γ
L
2 = Γ
R
1 = Γ
R
2 = tc = γ, ε0 = 0, only
a single peak appears in Fig.10(a)(when increasing tc,
the conductance will recover the double-peak feature).
In contrast, in Fig.10(b) due to the destructive inter-
ference, the conductance at ε0 is always zero. Besides,
a fully symmetric configuration with four identical dot-
lead couplings is considered in this calculation, so that
the maximum and minimum values of the conductance
are precisely at 2e2/h and 0, respectively.
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FIG. 10: Continuously modulated conductance by the mag-
netic flux. (a) The conductance is tuned by θ, when φ is
fixed at (2n+ 1)pi; (b) The conductance is tuned by φ, when
θ = (2n+ 1)pi
2
.
8V. CONCLUSIONS
In summary, the transport through the parallel-
coupled DQD system has been studied, in which a par-
ticular attention is paid to the mechanism of the Fano
lineshape in conductance spectra as well as its tunability.
Due to the inter-dot coupling, a QD-molecule is formed
and can be the proper representation for the present in-
vestigations. Due to the coupling between the molec-
ular levels and leads, two levels are broadened into two
bands: one is wider which is associated with the strongly-
coupled level, and the other is narrower band related to
the weakly-coupled level. When the wider band covers
the narrower band, and the phase shift of the wavefunc-
tion of the wider band is negligible around the weakly-
coupled level, the π phase shift at resonance of the wave-
function of the narrower band may be detected via the
quantum interference, and shows up as the Fano line-
shape. Thus, both the reference and the resonance chan-
nels for Fano interference are readily identified. Since
the density of states and the effective couplings between
the molecular levels and leads are tunable by making use
of the magnetic flux and gate-voltages, several ways to
control Fano lineshape are proposed, including the total
flux φ, the flux difference between two sub-rings θ, the
inter-dot coupling strength tc, and the dot-lead coupling.
In these ways, we may realize the swap effect, the flipped
tail direction of the Fano lineshape, and the continuous
lineshape-keeping magnetic switch in this DQD system,
which might be of practical applications.
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